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ABSTRACT

This dissertation considers a problem of pricing barrier options when the dynamics
of the asset prices (X (¢)) are driven by the mean reverting process, the market/asset
price X(¢) is obtain from mean reversion model and a Black-Scholes PDE model for
pricing barrier options under mean reversion model is obtained upon using Ité formula.
Through the Homotopy Analysis Method (HAM) the price of the chosen barrier option
(up—and—out European call) that satisfies the Black-Scholes PDE model was deter-
mined. Thus, through HAM we can determine approximated prices of barrier options

when the dynamics of the prices are driven by the mean reverting process (Liao, 2004).

Lastly the analysis is conducted to observe the behaviour of the option price when
value of one parameter increases while the value of the other two parameters remain
constant. The analysis shows that the option price tends to increase with the increase of
the value of the parameter for the case of volatility and degree of mean reversion while
for interest rate the option price decreases when interest rate increases. In all cases it
is observed that early exercise is better than late exercise to owner of the option since
the option price tends to decrease as time increases also to minimize risk owner of the

option should exercise the option when the volatility of the market become large.

It is recommended that in future, areas of interest for research related to this study are;
first, finding the option price by using direct integration after obtaining a reflection
principle which is useful in determining the joint distribution of the Ité integral and

secondly, finding the price which is a closed form solution by using Laplace transform.
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CHAPTER ONE

INTRODUCTION

1.1 General Introduction

An option is a security giving the right but not obligation to buy or sell an asset at a
fixed price, subject to certain conditions, within a specified period of time. The act of
making this transaction is referred to as exercising the option. The fixed price is known
as the strike price, and the given date is known as the expiration date. A call option
gives the right but not obligation to buy the asset, a put option gives the right but not
obligation to sell the asset. An American option is the one that can be exercised at
any time up to the date the option expires while European option is the one that can be

exercised only on a specified future date (Shreve, 2004).

If the holder of the option decides to exercise the option then the other trader also
known as writer of the option, is obliged to exercise the option regardless of what loss
he/she is going to encounter. Since the option favours its holder to decide to exercise
or not to exercise the option, the holder must pay a premium for the rights the option

confers on him. This payment is also referred to as the option value (Shreve, 2004).

Options had been traded for centuries, but they remained obscure financial instruments
until the introduction of a listed options exchange in 1973 at the Chicago Board Op-
tions Exchange (CBOE). Since then, options trading have enjoyed an expansion never

done before in American securities markets.



According to Cox and Rubinstein (1979), option pricing theory has an illustrious and
long history, but it also underwent a nice revolutionary change in 1973. At that time,
Myron Scholes and Fischer Black presented the first completely satisfactory equilib-
rium option pricing model. They provided pricing formulae for European options on a

single stock where the stock price follows a geometric Brownian motion (GBM).

Therefore in order to get a clear picture of what will be discussed in this study, the

following are some definitions of the terms related to options.

1.1.1 Derivative

Definition 1.1 (Hull, 2002): A derivative is a security whose value depends on (or de-
rives from) the values of other, more basic underlying security (asset). For example, a
stock option, is a derivative whose value is dependent on the price of a stock. Common

types of derivatives are options, forwards and futures contracts and swaps.

Definition 1.2 (Baxter ef al., 1996): Underlying security (asset) refers to any market

security such as bond, stock, share, commodity and currencies.

There are various types of options which includes European options, American op-
tions, Asian options, lookback options and Barrier options. In this study our main

focus is on barrier options.



1.1.2 Barrier Options

Definition 1.3 (Hull, 2002): A barrier option is an exotic (path dependent) option
where the payoff depends on whether the underlying asset’s price reaches a certain

level (barrier L) during a certain period of time.

We have two cases which are knock-in options and knock-out options. A knock-in
option comes into existence only when the underlying asset price reaches a barrier L
while a knock-out option ceases to exist when the underlying asset price reaches a

certain barrier L.

1.1.2.1 Categorizing barrier options

Barrier options specify a stock price level, L say, such that the option pays (knocks in)
or do not pay (knocks out) according to whether or not level L is attained, from below
(up) or above (down). There are thus four possibilities namely “up and in”, “up and
out”, “down and in” and “down and out” (Bingham et al., 2004).

Together with European call or put, simply there are eight standard types of barrier

options as illustrated in table 1.1 below.

Table 1.1: Categorization of Barrier Options
Call Put
Up Down Up Down
In ‘ Out In ‘ Out In ‘ Out In ‘ Out

For example, down and out European call (D&O call) is the European call that is
knocked out (or “deactivated”) if the underlying hits a barrier L from above before

expiration.



If a barrier L is smaller than the present asset value Sg. Payoff of the D&O call is

(S(t) —K)" if S(t) > Lfor all t<T

CR&0 = where K is the strike price.

0 if S(z) <L for at least onet <T

The simplest case is by using a switch which takes the value one or zero, now the
Payoff of the D&O Call is given by CP%C = (S(T) — K) " Iy s()>1,0<1<1) Where K

is the strike price.

Since the barrier option is down and out, when the price goes down the barrier L then
it is “knocked-out” that is its payoff is zero and when the price goes up of the barrier L
then “it stays active” that is its payoff is S(7') — K. Also when the price stays within the
barrier L that is K = L the payoff is also zero. The figure 1.1 below shows illustration

on these prices.

Asset Price Payoff=S(T) - K
(M)

S0+ / /b’ /M M
)/ / /WMW

K:L | u_yull—\.l

Payoff=0

M/ .

Time (t) T

Figure 1.1: Prices for Down and out call



1.1.3 Mean Reversion

Definition 1.4 (Espen, 2006): Mean reverting (mean reversion) is a mathematical con-
cept sometimes used for asset investing, the essence of the concept is the assumption
that both an asset’s high and low prices are temporary and that an asset’s price will

tend to move to the average price over time.

Mean reversion involves first identifying the trading range for an asset, and then com-
puting the average price using analytical techniques. When the current market price
is less than the average price, the asset is considered attractive for purchase, expecting
that the price will soon rise. When the current market price is above the average price,
the market price is expected to fall. That is to say, deviations from the average price

are expected to revert to the average.

The intention of this study was to price barrier options when the dynamics of the prices
are driven by the mean reverting process. The Black-Scholes PDE model for pricing
barrier options was formulated and finally prices of the barrier options that satisfies the
Black-Scholes PDE model were determined upon using homotopy analysis method

(HAM) which is a very useful method of solving nonlinear differential equations.



1.2 Statement of the Problem

Most of the studies on pricing barrier option use Geometric Brownian model (GBM)
which is always Markovian, this implies that the future behaviour of the price of the
barrier option depends only on the present state when it is known and not its past state
(Dksendal, 2003). However in real life situations price of the barrier option not only
depend on the present state but also on the past states. Therefore price of the barrier

option can better be modeled by geometric mean reversion model (Hui and Lo, 2006).

This study therefore intends to establish a method of pricing barrier options when dy-
namics of the prices are driven by the mean reverting process so that it can be observed
how mean reversion model affect the pricing of barrier option and the volatility of an
asset price. HAM will be used to find the approximated price of the barrier option, bar-
rier options were studied because they are attractive to market participants since they

are less expensive than the corresponding regular options and other exotic options.

1.3 Research Objectives

1.3.1 Main Objectives

The general objective of the study was to determine prices of barrier options when the

dynamics of the prices are driven by the mean reverting process.



1.3.2 Specific Objectives

The specific objectives of this study were as follows:

(1) To formulate Black-Scholes PDE model for pricing barrier options under mean

reversion dynamics.

(i) To determine the prices of the barrier options that satisfies the Black-Scholes

PDE model.

(iii)) To determine the impact of the embedded parameter on the price of the barrier

option.

1.4 Significance of the Study

The significance of this study are:

(1) The study will have a great contribution to the world of mathematics of finance

with valuable knowledge on Mean reversion models and barrier options.

(i1) To the investors and decision makers, this study will help them in determining
the advantage of using barrier option as one among other path dependent option

rather than using normal European call or put in maximizing the profit.

(i11) To researchers within the field of mathematics of finance, it will be a benchmark
or a reference toward further researches on barrier options with mean reversion

model.



1.5 Research Methodology

The underlying security (asset) price is given by the mean reverting geometric Brown-

ian motion in stochastic differential equation (SDE) of the form

dX(t) =k(p—InX(t)) X (t)dt + X (t)dB(t).

where k, p and ¢ are positive constants in which

= ks a constant that governs the degree of mean reversion of the process. When k

is high it implies a strong reversion of the process and vice versa.
= p is the long run equilibrium level of an asset price also known as interest rate.

= O 1s an instantaneous standard deviation of the relative change also known as

volatility.

B is a Brownian motion under the risk neutral measure Q given by the Girsanov the-
orem, first the Ito formula process was used directly to obtain the market/asset price
X (t) from the given SDE, then by using martingale property of Ité integral and iterated
conditioning argument the df term was equated to zero. As a result Black-Scholes PDE
model for pricing barrier options under mean reversion model was formulated and the
price of the barrier options that satisfies the Black-Scholes PDE model was determined
by using homotopy analysis method (HAM) with an initial guess uo(x) that satisfied

the boundary conditions.



Thereafter an analysis on the parameters k, p and G of the price of the barrier option
obtained is conducted to study the behaviour of the price when one parameter varies
keeping the other parameters constant. As a result, plots are drawn for each case and

reasonable conclusion is extracted from those plots.

Finally the summary of the work including the advantages of pricing barrier options
by using mean reversion model are stated and recommendations for the future work is

given.
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CHAPTER TWO

LITERATURE REVIEW AND THEORETICAL BACKGROUND

2.1 Introduction

A detailed survey on previous works provides the needful information for the study. In
this chapter we review relevant literature, definitions, theories and results in connection
to pricing of barrier options when the dynamics of the prices are driven by the mean

reverting process.

2.2 Literature Review

Several researches have been conducted and a lot of articles, papers and books have
been written with the aim of studying options, some of them dealing with the knowl-

edge of pricing options by using different models.

Shreve (2004) studied pricing of barrier option by using Geometric Brownian Motion
(GBM) in which he used the Drifted Geometric Brownian Motion (DGBM) together
with a new Geometric Brownian Motion (GBM) defined as the maximum value of the
Drifted Geometric Brownian Motion (DGBM). He managed to find the price of the up
and out call (U&O Call) using these Multiple Brownian Motions and Black-Scholes-

Merton equation.

Borovkov and Novikov (2002) discussed an approach of calculating expectations of a
specific form used for the pricing of derivative assets. They showed that in the case

of vanilla, the expectations can be found by simply integrating the respective moment
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generating function with a certain weight. In situations that correspond to barrier op-
tions, they suggested to carry out one more integration. Their intention was to draw
attention on barrier options and to extend a new and interesting tool for pricing barrier
options. They found out that if the Laplace transforms of their random variables can
be computed, then the pricing problem can be reduced to calculating a single Fourier
integral (in the case of vanilla options) or inverting a Fourier transform (in the case of
a barrier option) although they are not able to extend the approach to more general for

the case of barrier options.

Koijen et al., (2006) focused on an investor with a medium term horizon of up to five
years. In these horizons, both return continuation (momentum) and mean reversion
are of central importance in the asset allocation problem. They introduced a continu-
ous time model that captures these two predictability features of stock market returns.
Their model predicted that hedging demands are negative for short to medium-term
investors, and that the total allocation to stocks does not increase monotonically with
the investor’s horizon. Moreover, they used Campbell and Viceira (1999) and Camp-
bell et al., (2003) to model Mean-reversion in stock returns via persistent financial
ratios as the dividend yield or the price earnings ratio predicting future stock returns.
They finally found out that the value of hedging is substantial at short investment hori-
zons, but remains constant up to 5 to 6 years. At that point, mean-reversion becomes

dominating, also the value of hedging starts gradually to increase.

Spierdijk and Bikker (2012) in their paper discussed the implications of mean reversion

in stock prices for long-term investors such as pension funds. In their work, they started
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with a general definition of a mean reverting process and explained how mean reversion
in stock prices can be related to mean reversion in stock returns. Subsequently, they
showed that mean reversion makes stocks less risky for investors with long investment
horizons. They considered a mean—variance efficient investor and show how mean
reversion in stock prices affects such an investor’s optimal portfolio weights. Finally,
they discussed the implications of their findings for the investment decisions of long-

term investors.

Fusari et al., (2010) studied the convergence properties of various types of options in-
cluding barrier options. They used numerical based approach of pricing barrier options
with a suitable transition probability adjustment to demonstrate an increased conver-
gence rate for the standard Cox-Ross-Rubinstein (1979) binomial tree model applied to
barrier options. For options whose strike price is close to the barrier they were able to
obtain numerical results where other models failed, although convergence tends to be
slow, they were able to calculate reasonable approximations to the analytical options

price.

Kou (2003) in his paper studied discrete and continuous monitoring of the barrier. He
commented that most models assume continuous monitoring of the barrier, however in
practice a lot of barrier options traded in markets are discretely monitored. Different
from their continuous counterparts, where there is essentially no closed form solution
available, also even numerical pricing is difficult. His paper extended an approxima-
tion by Broadie, Glasserman and Kou (1997) for discretely monitored barrier options

by covering more cases and giving a simpler proof. The techniques used came from
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sequential analysis, particularly Siegmund and Yuh (1982) and Siegmund (1985).

Papanicolauo et al., (2000) presented a derivative pricing and estimation methodology
for a class of stochastic volatility models. From their Empirical analysis they observed
that volatility reverts slowly to its mean, but it is fast mean-reverting when looked at
over the time scale of a derivative contract (many months). This motivated an asymp-
totic analysis of the partial differential equation satisfied by derivative prices, which

considerably simplified the estimation procedure.

Wong and Lau (2007) in their paper developed a path-dependent currency option pric-
ing framework in which the exchange rate follows a mean-reverting lognormal process.
They derived analytical solutions for barrier options with a constant barrier, turbo war-
rants and lookback options. As the analytical solutions are obtained using a Laplace
transform, their study numerically showed that the solution implemented with a nu-
merical Laplace inversion is efficient and accurate. Also the pricing behaviour of path-

dependent options with mean reversion is contrasted with the Black-Scholes model.

Smith (2010) in his paper commented that mean reverting processes are widely used
to model interest rates, and are of particular use to those modelling commodities. Also
he stated that the most popular model is the Ornstein and Uhlenbeck model (O—U
model) which is a mean reverting linear model, also known as the Vasicek process.
He discussed the model briefly, including Matlab code to simulate the process. He
discussed the estimation of the parameters, in particular the difficult of estimating the
speed-of-mean-reversion parameter. Again, he included extensive Matlab code for

parameter estimation.
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Hui and Lo (2006) employed a mean-reverting lognormal model (MRLM) to study
the pricing behaviour of options with a soft barrier which is a deterministic function
of time that is specifically constructed to match with the coefficients of the governing
partial different equation of the barrier option. They found that the parameters in the
MRL model have a material impact on the valuation and hedging parameters of bar-
rier options. They also simulated the fixed barrier as a slowly fluctuating soft barrier
with small oscillating amplitude by tuning a parameter in the model and finally the

approximated option prices are then obtained.

2.3 Useful tools for financial options

2.3.1 Stochastic process

Suppose we observe some characteristic of a system at discrete points in time (labeled
0,1,2,...). Let X(¢) be the value of the system characteristic at time 7. In most situa-
tions, X () is not known with certainty before time ¢ and may be viewed as a random
variable. A discrete-time stochastic process is simply a description of the relation be-

tween the random variables X (0),X(1),X(2),...

Definition 2.3 (Charles and Van der Weide, 2011):

A stochastic process is a sequence of events in which the outcome at any stage depends

on some probability.
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2.3.2 Markov Process

Definition 2.4 (Wikipedia, 2013):

In probability theory and statistics, a Markov process or Markoff process, named after
the Russian mathematician Andrey Markov, is a stochastic process that satisfies the
Markov property. A process satisfies the Markov property if one can make predic-
tions for the future of the process based solely on its present state just as well as one
could knowing the process’s full history. That is conditional on the present state of the

system, its future and past are independent.

Thus, a Markov process is a particular type of stochastic process where only the present
value of a variable is relevant for predicting the future. The past history of the variable
and the way that the present has emerged from the past are irrelevant, Markov process

can be thought of as ‘memoryless process’.

2.3.3 Quadratic Variation

Definition 2.5 (Jksendal, 2003):

A function f(¢) is said to have quadratic variation if, over the closed interval [a, b|, there
exists an M such that (f(r1) — f(a))>+ (f(t2) — f(11))* 4 ...+ (f(b) — f(t,))* < M for

all partitions a =ty < t] <tr < ..... <ty < ty+1 = b of the interval.
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2.3.4 Martingale Property

Let us define some important terminologies before we define martingale property.

Definition 2.6 (Shreve, 2004):

Let Q be a nonempty set, and let F be a collection of subsets of Q0. We say that ¥ is

a c—algebra (called a 6—field by some authors) provided that:

(1) The empty set @ belongs to F.

(i1)) Whenever a set A belongs to ¥ , its complement A€ also belongs to ¥ .

(iii) Whenever a sequence of sets Ay, A, ... belongs to ¥, their union | J;,_; A, also

belongs to .

Definition 2.7 (Shreve, 2004):

Let Q2 be a nonempty set. Let 7 be a fixed positive number, and assume that for each
t € [0,T] there is a c—algebra F (t). Assume further that if s <17, then every set in
F(s) is also in F (z) . Then we call the collection of a c—algebra F(¢),0<t<T,a

filtration. A filtration tells us the information we will have at future times.
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Definition 2.8 (Shreve, 2004):

Let X be a random variable defined on a nonempty sample space Q . Let G be a
o—algebra of subsets of Q. If every set in a c—algebra generated by X denoted by

6(X) is also in G, we say that X is G—measurable.

Definition 2.9 (Shreve, 2004):

Let Q be a nonempty sample space equipped with a filtration 7 (¢) ,0 <t <T. Let
X (t) be a collection of random variables whereby ¢ € [0, 7] . If for each ¢ the random
variable X(t) is ¥ (r)—measurable then we say this collection of random variables is

an adapted stochastic process .

Now let us define the martingale property.

Definition 2.10 (Shreve, 2004):

A stochastic process X (¢) is called an ¥ (r)—martingale if the following conditions

holds:

(i) X(r) is adapted to the filtration { F (¢) };>o0.

(ii) For all 7 then E [|X ()] < ee.

(ii1) For all s and r with s < ¢ the following relation holds:

E[IX@)|F (s)l] = X(s), 0<s<t.
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2.3.5 Standard Brownian motion

Definition 2.11 (Shreve, 2004):

Suppose B(t) is a random variable whose value tells us the value of some quantity of
interest at time ¢. For example, B(f) can be an asset price. The collection of random
variables B(t) : 0 <t < o is said to be a standard Brownian motion if the following

properties holds:

(i) B(0)=0.

(ii) Forallt >0and 0 =1y <t <1 < .... <1, then B(t;) = B(t;) — B(to),B(t2) —

B(t1),B(t3) —B(2),....,B(ty) — B(t,—1) are independent increments.

(ii1) E[B(IH_I) —B(ti>] =0and Var[B(tiH) —B(l‘,’)] =tit+1— .

Two popular related processes are the arithmetic Brownian motion and the geometric

Brownian motion.

Definition 2.12 (Shreve, 2004):

The arithmetic Brownian motion is given by

X(t) =X(0)+ur+0B(t). (2.1)
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Definition 2.13 (Shreve, 2004):

The geometric Brownian motion is given by
1,
X(t)=X(0)exp | (a— 50 )t+06B(1)| . (2.2)

This is the asset price model mostly used in the Black-Scholes market. The constant o
is called the appreciation rate and ¢ is called the volatility coefficient.

The geometric Brownian motion is also given in stochastic differential form as:

dX(t) = oX(t)dt +oX(t)dB(t). (2.3)

From equation (2.3) above, as Shreve (2004) did, by consideration of quadratic varia-

tion it can be shown that:
dB(t)dB(t) = dt, dB(t)dt = dtdB(t) = 0 and dtdt = 0. (2.4)

These result are due to the fact that the amount of quadratic variation Brownian motion
accumulates in an interval is equal to the length of the interval, regardless of the path

along which we do the computation (Shreve, 2004).

Note that, B(t) is a martingale with respect to the filtration F (¢). Thatis E [B(¢)| F (s)] =
B(s) .

2.3.6 Ito Process

Definition 2.14 (Lawler, 2006):

Let B(t),r > 0 be a Brownian motion and let ¥ (7) be the associated filtration. An Ito
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process is the stochastic process of the form:

t t
0) -1—/0 O(s)dB(s) —1-/0 O(s)ds. (2.5)
Where X (0) is a non random and ¢(s) and ®(s) are adapted stochastic process.

2.3.7 It6 Formula

Theorem 2.3 (Lawler, 2006):

Let X(7),r > 0 be an Ito process and let f(z,x) be a function for which the partial
derivatives f;(z,x) the first derivative of f(r,x) with respect to time ¢, f(¢,x) the first
derivative of f(¢,x) with respect to x and f,(¢,x) the second derivative of f(¢,x) with
respect to x are defined and continuous (we also refer to these conditions as compact

support), then for every ¢t > 0 we have the two dimension Ité formula:

df(t,X(t)) = fi(t,X(1))dt + fi(t,X (¢))dX (1) + %fxx(t7X<t>)dX(t)dX(t)- (2.6)

In the case that X (1) = (X (¢),Xa2(t),X3(¢),...,X,(t)) is an n-dimensional Ité process

such that: X;(r) = X;(0) + Jo Xi_; 0(s)ijdBi(s) + fo ®i(s)ds ; X;(0) = x;.

Then if X () = (X1 (¢),X2(1),X3(t), ..., X (t)) we have a multi dimension Ité formula of

the form:
df(t,X(t)) = aa—];(t,X(t))dl + zn: g—)];(t,X(t))dXi(t)
| azf ) 2.7)
#31 X g (X (000X ax;0
o011 ... O1n
where ¢ =

Ou1 ..« Oup
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2.3.8 Risk-Neutral Measures

Definition 2.15 (Investopedia, 2013):

A Risk-neutral measure is a theoretical measure of probability derived from the as-
sumption that the current value of financial assets is equal to their expected payoffs
in the future discounted at the risk-free rate. Another assumption made is that there
is an absence of arbitrage. The term derives its name from the fact that all financial
assets have the same expected rate of return that is the risk-free rate. The risk-neutral

measure is also known as equivalent martingale measure or Q—measure.

Thus, a probability measure Q is risk-neutral measure if and only if the discounted
price process X (t) is a martingale under Q, that is E2 [X ()| F (u)] = X (u) , where E€

denotes the expectation under Q.

2.3.9 Feynman-Kac Formula

Let f(t,x) € C5(R") and ¢(t,x) € C(R") such that f(t,x) has compact support and

q(t,x) is lower bounded.

(a) Define
Ve = oo (- [awonas)| sxan]. s
Then
avg;,x) = aV(t,x) —qV(t,x),t >0 ,x € R" (2.9)
and

V(0,x) = f(x) x e R". (2.10)
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(b) Also if w(t,x) € C'?(R x R") is a bounded function satisfying (2.9) and (2.10)

then
o(t,x) = V(1,x) = E* Hexp (—/Olqo((s))dsﬂ f(X(t))]. @.11)

2.3.10 Financial Market

Financial Market is the broad term describing any marketplace where buyers and sell-
ers participate in the trade of assets such as equities, bonds, currencies and derivatives.
Financial markets are typically defined by having transparent pricing, basic regulations
on trading, costs and fees and market forces determining the prices of securities that
trade. Some financial markets only allow participants that meet certain criteria, which
can be based on factors like the amount of money held, the investor’s geographical
location, knowledge of the markets or the profession of the participant (Cvitani¢ and

Zapatero, 2004).

In addition, Financial Market enables exchange of previously issued financial assets,
financial markets facilitate borrowing and lending by facilitating the sale by newly
issued financial assets. Examples of financial markets include the Dar es salaam Stock
Exchange (resale of previously issued stock shares), the U.S. government bond market
(resale of previously issued bonds), and the U.S. Treasury bills auction (sales of newly

issued T-bills).

Mathematically, a financial market is an f,(m)— adapted, (m+ 1)— dimensional pro-
cess X (1) = (Xo(2),X1(t),X2(t),....... ,Xn(2)) with 0 < < T such that the first asset is

abond dXy(t) = B(t)Xo(¢)dt ;Xo(0) =1 and the other n — 1 assets are stocks.
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2.3.11 Portfolio

The term portfolio refers to any collection of financial assets such as stocks, bonds,
and cash. Portfolios may be held by individual investors and/or managed by financial
professionals, hedge funds, banks and other financial institutions. It is a generally
accepted principle that a portfolio is designed according to the investor’s risk tolerance,

time frame and investment objectives.

Mathematically, a portfolio in the market X (z),[o 7} is an (n+ 1)—dimensional, (¢, ®)—
measurable and an 55('") — adapted stochastic process which is given by:

0(r,0) =0(t) = (00(),01(1),02(7), ........ ,0,(1)) with0 <r <T.

2.3.12 Self Financing Trading Strategy

Given N assets with values X (7),....... ,Xn(t) at time ¢, a trading strategy is an N—
dimensional stochastic process 01 (¢),....... ,On(1) that represents the allocations into
the assets at time ¢. The time ¢ value of the portfolio is TI(r) = YN, 8;(+)Xi(t). The
trading strategy is self financing if the change in the value of the portfolio is due only

to changes in the value of the assets and not to inflows or outflows of funds.
This implies the strategy is self financing if:

dll(t) =d (iv“ e,-(t)X,-(t)> =) 6i(t)dXi(r) (2.12)
i=1 j

in other words, if:

I1(¢) = I1(0) + Z /0 " 0;(u)dX;(u). (2.13)



24

In the case of two assets the portfolio value is II(¢) = 01 (¢)X; (¢) + 0, (¢)X2(¢) and the

strategy (01, 0,) is self financing if dT1(z) = 0 (¢)d X (t) + 02(¢t)dX> () (Shreve 2004).

2.3.13 Arbitrage Opportunity

An arbitrage opportunity is a self financing trading strategy that produces the following

properties on the portfolio value:

I1(0) < 0.
(2.14)

PINT) > 0] =1.
This implies that the initial value of the portfolio (at time zero) is zero or negative, and
the value of the portfolio at time T will be greater than zero with absolute certainty.
This means that we start with a portfolio with zero value, or with debt (negative value).
At some future time we have positive wealth, and since the strategy is self financing, no
funds are required to produce this wealth. This is also known as “free lunch” although

economists believe that arbitrage does not exist (Cvitani¢ and Zapatero, 2004).

2.3.14 Derivatives and Replication

The payoff V(T) at time T of a derivative is a function of a risky asset. To rule out
arbitrage we identify a self financing trading strategy that produces the same payoftf as
the derivative, so that I1(7') = V(T). The trading strategy is then a replicating strategy
and the portfolio is a replicating portfolio. If a replicating strategy exists the derivative

is attainable, and if all derivatives are attainable the economy is complete.
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In the absence of arbitrage the trading strategy produces a unique value for the value
V(T) of the derivative, otherwise an arbitrage opportunity would exist. Not only that,
but also at every time ¢ the value of the derivative, V (¢) must be equal to the value of
the replicating strategy, I1(z), so that IT(¢) = V (¢). Otherwise an arbitrage opportunity

exists (Cvitani¢ and Zapatero, 2004).
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CHAPTER THREE

MODEL FORMULATION

3.1 Introduction

In this chapter, we formulate Black—Scholes partial differential equations (PDE) model
after obtaining a market price X (7) from a given mean reverting stochastic differential
equation (SDE). Enough and relevant assumptions are made and the knowledge of

martingale and Ito formula are used.

3.2 Finding the market price

The underlying security (asset) price is given by the mean reverting geometric Brown-

ian motion of the form
dX(t) =k(p—InX(t))X(t)dt +0cX(t)dB(t). (3.1)

where k,p and G are positive constants in which
= k is a constant that governs the degree of mean reversion of the process. A high

k implies a strong reversion of the process and vice versa.
= p is the long run equilibrium level of an asset price also known as interest rate.
= O is an instantaneous standard deviation of the relative change also known as
volatility.

B is a Brownian motion with respect to the risk neutral measure Q given by the Gir-
sanov theorem, that is on probability space (Q, F,Q). This assumption is very impor-

tant in a sense that it differentiate this work from that of Shreve (2004).
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From equation (3.1), X(¢) is an Ité process which express our market price. To obtain

this market price using equation (3.1) we use Ito formula directly as follows:
Let Y(r)=g(t,X(t)) =InX(z). (3.2)

Such that Y (¢) is again an It6 process. Thus by Ité formula we have;

_ 9, X(1)) 981, X(1))

dY(t) =dg(t,X(t)) =dnX(t) = dt + dX(t)
1§2t (t,X (1)) e )
8\,
2o XOP

From equations (2.4) and (3.1) above, since (dX(t))? = 6°X?(¢)dt and using equation
(3.2) we have;

ag(r,X(1)) _, 98(t.X(r)) 1 Pg(t,X(r) 1
T Y Txe xo ™ T xm OY

Therefore equation (3.3) gives:

2
dg(t,X (1)) = %dx(r) - %dt. (3.5)

Substituting equation (3.1) into equation (3.5) we have:

1 o?

dg(t,X(t)) = 0] [k(p—InX (1)) X(r)dr +0X(r)dB(r)] — Edt. (3.6)
which can be written as:
dg(t,X(t)) =k(p—InX(t))dt +odB(t) — %2dt. (3.7)

Arrangement of terms gives:

2
dg(t,X(t)) +kInX(t)dt = (kp - %) dt+odB(t). (3.8)

Using equation (3.2), we have:

2
dY (t)+ kY (t)dt = (kp - %) dt +odB(t). 3.9
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By the use of integrating factor

ILF = ekt — okt

in equation (3.9) one gets

2
ay (t) +eMky (1)dr = M (kp — %) dt +eM'dB(r). (3.10)
Then equation (3.10) implies that
c? _
d [eth(t)} e (kp - 7) dr +eMedB(1). G.11)

Since we are after market price X (¢) at time ¢ which is within 0 <t < T, we take the

integral of equation (3.11) from O to ¢ as follows:

Jod [4Y(s)] = [y (kp - %2> ds+ [} éodB(s)

k.

[eksY(s)]; = [(kp — %2) 67?] ; +0 [ ekdB(s)

kt

Y1) -v(0) = |(ko-%) 5~ (kp—F ) | +o [ eaB(s)

Y (1) =¥ (0) = (pek = %" ) — (p— G ) + fi e dB(s)
Y (1) -Y(0) = (p— %)~ (p— %) +0 [ e dB(s)
MY (1) — Y (0) = <p - g—i) (e — 1)+ fLeksdB(s).

Multiply by e % throughout to get
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Y(t)—e MY (0) = (p — (25_Ii> (1—e M) +oe ™ [5ekdB(s).

Thus, we have:

2 t
Y(t) =e My (0)+ (p — %) (1—e ) +ce™ / SdB(s). (3.12)
0
Substituting equation (3.2) into equation (3.12) gives:
o’ Eoo
InX () = e “InX(0) + (p — 2—k) (1—e M)+ e / dB(s). (3.13)
0

Therefore the market price X () can be obtained from equation (3.13) as follows:

2

° ) (1—e ™) +ce ™ /[ eksdl?(s)] . (3149

0 e ax0+ (o2 0

3.3 Formulation of the Black—Scholes PDE model

3.3.1 Assumptions of the model

In order to formulate the Black—Scholes PDE model under the market whose price
dynamics are due to mean reverting process, the following assumptions are taken into

consideration.

(a) An asset has a “price” and of course it has as we have seen above, the price is

given by equation (3.14).
(b) Itis possible to set up replicating portfolio for the asset.

(c) Constant volatility.
The most significant assumption is that volatility, a measure of how much an

asset can be expected to move in the near-term, is a constant over time.
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Interest rates constant and known.
The same like with the volatility, interest rates are also assumed to be constant
in the model. The model uses the risk-free rate to represent this constant and

known rate.

A trading strategy is self financing it generates no dividends during the option’s

life that is for any time t in 0 <t < T.

No commissions and transaction costs.
The model assumes that there are no fees for buying and selling options and

assets and no barriers to trading.

Lognormally distributed returns.

The model assumes that returns on the underlying asset are normally distributed.

Market has no arbitrage.
It is impossible to secure a risk free profit. Although there is arbitrage in cer-
tain market segments, these are not secure in the long run and relying on them

violates that basic needs for our model to work.
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(i) Efficient markets.
This assumption of the model suggests that people cannot consistently predict
the direction of the market or an individual asset. The model assumes assets
move in a manner referred to as a mean reverting. Mean reverting means that at
any given moment in time, the price of the underlying asset can go up or down
but there is probability almost sure of going back to the mean value. The price
of an asset in the future is not predictable by using the current price, this is to say
that price of the asset at time 7 + 1 is independent from the price at time 7 that is,

it is not Markovian.

() Liquidity of the market.
The model assumes that markets are perfectly liquid and it is possible to purchase
or sell any amount of asset or their fractions at any given time.
3.3.2 Formulating the model
To formulate the Black—Scholes PDE model we assume the existence of two instru-

ments:

(i) An underlying security X (¢) which evolves in accordance with the mean revert-

ing geometric Brownian motion
dX(t)=k(p—InX(¢)) X (t)dt +0X(t)dB(t). (3.15)

(ii) The option price u(t,x) at time ¢ written on the underlying security X (), which
is given by the value function

u(t,x) = EC |e PTF ()| F (1) (3.16)

where F () is the payoff of a given barrier option.
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We shall also use two facts as stated below:

(1) Ito integral is always martingale.

(ii) e P'u(t,x) is a martingale with respect to Q.

By using iterated conditioning argument, equation (3.16) become:
e Pu(t,x) = E2 [e PTF(0)|F(1)] . (3.17)

From equation (3.17), since e P'u(z,x) is a martingale with respect to Q now we use
Ito formula to formulate the Black—Scholes PDE model as follows.

Let Z(t) = e P'u(t,x). Then by using It formula we have:

dZ(1) = —pePu(t,x)di + e wdw p‘de(t)
P d x (3.18)
+%e ai )dX(t)dX(t).

But dX (t)dX (t) = 62x*dt. Then equation (3.18) become:

dZ(t) = —pe P u(r,x)dt +e—wadt+e—wadX(1)
| Pultox) d x (3.19)
—prg2,2 UL X
—|—2e X 2 dt.

Substituting equation (3.15) into equation (3.19) we get

au(t’x)dt—i—le_p’czxzazu(t’x)dt

(k(p — Inx)xdr + oxdB(r)) .

dZ(t) = —pe Pu(t,x)dt +e

ou(t,x)

+e P
ox
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Since Z(t) = e P'u(t,x) then, equation (3.20) above can also be written as follows:

d (e Pu(t,x)) = e*p’GdeE(t) +e P [— pu(t,x) +

u(t,x) 1 , ,0%u(t,x)
XT —+ EG X axz dt.

du(t,x)
ot

(3.21)

Since e P'u(z,x) is a martingale then dt term equals zero so that we remain with the

It6 integral d (e P'u(t,x)) = e*p’cxa”g;’x) dB(t) which is also martingale.

But e P" £ 0 for any values of p and 7 then it follows that:

du(t,x) du(t,x) _'_l 5 50%u(t,x)

—pu(t,x)+ > +k(p—Inx)x . SO o= 0. (3.22)
Equation (3.22) above can be written as follows:
du(t,x) du(t,x) 1 5 ,0%u(t,x)
5 +k(p—Inx)x . FOX pu(t,x) =0. (3.23)

Equation (3.23) above is the Black—Scholes PDE model for the value function given
by u(t,x) = E e‘p(T_’)F(co)]T(t)] whose boundary conditions are u(¢,0) = 0 and

u(t,L) = 0 where L is the barrier level.



34

CHAPTER FOUR

MODEL ANALYSIS

4.1 Introduction

We begin this chapter by formulating a full boundary value problem by adding to the
Black—Scholes PDE model (3.23) the boundary conditions for the chosen barrier op-
tion. We will then introduce the basic ideas and brief history of the Homotopy Analysis
Method (HAM). Then the solution of the formed boundary value problem which is the
price of a chosen barrier option will be obtained through the HAM. There after we
shall analyse the price obtained by studying the effect of varying each parameter while
other parameters remain constant.

4.2 Determination of the prices of the barrier options that satisfies

the Black-Scholes PDE model

We have seen earlier that we have eight types of barrier options. We shall determine
the price of up—and—out call barrier option as an example. The remaining prices of

the barrier options can be determined in a similar way.

4.2.1 Boundary value problem for the up—and—out European call

Using (3.23) and up—and—out European call then upon adding the boundary condi-

tions, a full boundary value problem for this case become:

ou(t,x)
ot

du(t,x) 1, zazu(t,x)_
ox 20 T

+k(p—Inx)x pu(t,x) =0 4.1)

u(t,0) =0, 0<r<T (4.2)
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u(t,L) =0, 0<tr<T 4.3)
u(T,x)=(x—K)", 0<x<L (4.4)

where L is the barrier and K is the strike price.

The remaining task is to obtain u(z,x) which represent the required price from the
above boundary value problem, to achieve this aim in the next subsections we explain

the basic ideas and brief history of the HAM, this is the method that we will use.

4.2.2 Basic ideas and brief history of the HAM

The homotopy analysis method (HAM) is the method that can be used to solve nonlin-
ear differential equations. The homotopy analysis method employs the concept of the
homotopy from topology to flexibly generate a convergent series solution for nonlinear
systems. This is especially enabled by utilizing a so-called homotopy-Mclaurin series

to deal with the nonlinearities in the system (Liao, 2012).

In most cases it is difficult to solve nonlinear problems, especially analytically. In gen-
eral, there are two standards for a satisfactory method of nonlinear problems:

(a) It can always provide approximations efficiently.

(b) It can ensure that approximations are accurate enough for all physical parameters.
Using above two standards as criterion, let us compare different techniques for nonlin-

ear problems.

Perturbation techniques comprises of mathematical methods for finding an approxi-
mate solution to a problem which cannot be solved exactly, by starting from the exact

solution of a related problem they are based on the existence of small/large parameters,
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the so-called perturbation quantity. Unfortunately, many nonlinear problems in sci-
ence and engineering do not contain such kind of perturbation quantities at all. Some
nonperturbative techniques, such as the artificial small parameter method, the delta
expansion method and the Adomian’s decomposition method, have been developed

(Wikipedia, 2013).

Different from perturbation techniques, these nonperturbative methods are indepen-
dent upon small parameters. However, both of the perturbation techniques and the
nonperturbative methods themselves can not provide us with a simple way to adjust or

control the convergence region and rate of given approximate series.

Liao (1992) proposed a powerful method for nonlinear problems, namely the homo-
topy analysis method (HAM). Different from all reported perturbation and nonpertur-
bative techniques mentioned above, the homotopy analysis method itself provides us
with a convenient way to control and adjust the convergence region and rate of approx-
imation series, when necessary. Briefly speaking, the homotopy analysis method has

the following advantages:

First, it is a series expansion method but it is entirely independent of small physical
parameters. Thus, it is applicable for not only weakly but also strongly nonlinear

problems, going beyond some of the limitations well known in perturbation methods.

Secondly, the HAM is an unified method for the Lyapunov artificial small parameter
method, the delta expansion method, the Adomian’s decomposition method, and the

homotopy perturbation method. The greater generality of the method often allows for
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strong convergence of the solution over larger spacial and parameter domains.

Thirdly, the HAM gives excellent flexibility in the expression of the solution and how
the solution is explicitly obtained. It provides a simple way to ensure the convergence
of the solution, freedom to choose the basis functions of the desired solution, and

flexibility in determining the linear operator of the homotopy.

Fourthly, in conjunction with symbolic computation, the HAM can be combined with
many other standard mathematical methods such as numerical methods, series expan-

sion methods, integral transform methods, and so forth (Wikipedia, 2013).

For better description of the basic ideas of the homotopy analysis method, let us con-

sider a given nonlinear differential equation given by equation (4.5) below:
N[u(x)] =0,x € Q 4.5)

where A is a nonlinear operator and u(x) is a unknown function. Liao (1992) con-
structed a one-parameter family of equations in the embedding parameter g € [0, 1],

called the zeroth-order deformation equation:

(1=q)L[0(x:q) — uo(x)] + gN[0(x:9)] = 0,x € Q,q € [0,1] (4.6)

where L is an auxiliary linear operator (in this study % will be used) and up(x) is an
initial guess. In theory, the concept of homotopy in topology provides us much larger
freedom to choose both of the auxiliary linear operator and the initial guess than the

traditional non-perturbation methods mentioned above, as pointed out by Liao.
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At g =0 and ¢ = 1, we have ¢(x;0) = up(x) and ¢(x; 1) = u(x), respectively. So, as
the embedding parameter g € [0, 1] increases from O to 1, the solution ¢(x;q) of the
zeroth-order deformation equations varies (or deforms) from the initial guess ug(x)
to the exact solution u(x) of the original nonlinear differential equation A [u(x)] = 0.
According to Liao (1992) such kind of continuous variation is called deformation in
topology, and this is the reason why they call equation (4.6) the zeroth-order deforma-
tion equation. Since ¢(x;q) is also dependent upon the embedding parameter g € [0, 1],

we can expand it into the Maclaurin series with respect to q as follows:

o0
0(x:q) = uo(x)+ Y un(x)q". (4.7)
n=1

Equation (4.7) above is known as the homotopy-Maclaurin series. Note that we have
extremely large freedom to choose the auxiliary linear operator £ and the initial guess
uo(x). Assuming that,the auxiliary linear operator £ and the initial guess up(x) are so
properly chosen such that the above homotopy-Maclaurin series converges at g = 1,

we have the so-called homotopy-series solution given by:
+o0
u(x) = up(x) + Z Uy (x) (4.8)
n=1
which satisfies the original equation (4.5).

Therefore with HAM we do not need linearisation and the solution is calculated in the
form of a convergent power series which resolve non-linearity of the problem automat-

ically as a result we obtain an approximated solution to a given non-linear problem.
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4.2.3 Computation of the price of the up—and—out European call

By using the Homotopy Analysis Method (HAM) explained above, the boundary value
problem obtained earlier can be solved as shown below and the result obtained will be

the approximation of the needed price of the up—and—out European call.

Consider equation (4.1) above:

ou(t,x)
ot

du(t,x) 1, zazu(t,x)_
ox 20" T

+k(p—Inx)x pu(t,x) =0 (4.9)

which is the Black-Scholes PDE model for the value function:

u(t,x) =E2 |e PTF (@) |T(t)] whose boundary conditions are u(z,0) =0, u(t,L) =
0 and u(T,x) = (x— K) " where L is the barrier level.

Upon choosing the auxiliary linear operator £ and the initial guess up(x) when we

apply the HAM we have the following;

dv  dup(x) dv  dv 1 5, ,0% B
(1—gq) [g— y } -I-q[g-i—axk(p—lnx)-l—ic X ﬁ—pv] =0, ge€l0,1].
4.10)
Let the solution be of the form:
v:vo+qv1+q2vz+q3V3—|—... 4.11)
then
dv _dvg  dvy  ,0vy 303
g—g"Fq?"i‘q E-FC[ g—f— 4.12)
dv  dvg vy  ,0vy  30v3
- ox +qax +q I +q e +... (4.13)
%v Py vy ,0%v  30%13
o2 ox2 +q8x2 *q ox? +a ox? Tt (4.14)
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Substituting equations (4.12), (4.13)and (4.14) into equation (4.10), we have the fol-

lowing:

B dvg vy 2% 3% B dugp(x) dvg vy 2%

(1 ")[at +qat +a ot +a ot ot ] q[az +"at +a aﬁ
2 2

q3%+xk(9—lnx)<%+Cl%+q2—aV2 3%> —|—l 2 2(8 Yo | o1

o % x Toy) T e Tige T
502y 503 2 3 —0 4.15
P 05 ) (e i ten)| <o 1>

Equating the terms with the same powers of g, we get

0. duol)
T ot
1 Ovi  dup(x) 1

9%, ov,
o1 162,220 _ 20 _ 5y =
q : 5 y —|—2G X 72 +xk(p —Inx) o pvo = 0.

=0.

ov dv 1 0%y
2 2 1 ) 1
=+ —Inx)=—+ = =5 =0
q o xk(p — Inx) o + 2(5 X 52 pvi =0
v dv 1 0%y
3.9V3 2 2.20°V2
q: 5 +xk(p lnx)—ax + —2(5 X 52 —pv2 =0.

Suppose the initial guess is: uo(x) = ug = [x(x — L)]" ") (x — K) where x > K.

This implies that:
dup
or

Substituting these equations into the equations obtained from the powers of ¢ we get

—(x—K) T x(x— L))" In[x(x— L))

For ¢° :

8v0 _ auo (x)

o

&n%?:—@—Kﬁk@—LWT”mb@—my

Then we have:
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vy

20— (K)ol — 1)) T nfx(e - 1))

Integrate throughout with respect to ¢:

/ o = — / (= K)* [x(x = L)] T Infx(x — L)]r.

Thus,

vo = x(x—L)] T (x—K)*. (4.16)

From equation (4.15) we have:

W0 (e K7 1) 2 Dt~ L)) T (- L)) T
aaz_):zo Z(X—K)+(2x—L)(T —t)(T—t—1)2x—L) [x(x—L)](T_l_z) + [2(x—K)+
+ 2x—L)(T =) x(x =L)"Y 4 (T — 1) (2x — L) [x(x — L)} T~ 1.
For ql :
v ug(x 2y v
% 0 gt( ) + %02)52% + xk(p —lnx)% —pvg =0.

Then we have:

ovy
S
)T 4 (x— K) T (26— L) (T —1)(T —t — 1) (2x— L) x(x— L)) T2 (T —1) (2x—

(x—K) [x(x—L)] T In[x(x—L)] +%<52x2 2(x—K)* + (2x—L)]|(T —1)[x(x—

L) [x(x_m](T—f—l)} +xk(p — Inx) [(x—K>+(T —1)(2x—L)[x(x— L)) TV 4 [e(x —

L)) —p |l K) | =0,

Integrate throughout with respect to t:
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/ v = / [ Fr(r—L)] T )ln[x(x—L)]—%szz[[Z(x—K)“L+(2x—L)](T—

t)[ (x—L)](T t— 1)+(X—K)+(2X—L)(T—t)(T—t—1)(2x—L)[x(x—L)](T_t_2)+

(T —1)(2x—L) [x(x—L)]U*f*l)} — xk(p —Inx) [[x(x—L)]U*f) (= K) (T —1)(2x—

L) [x(x—L)]U—f—l)} +p [[x(x—L)](T_’)(x—K)“LHBt.

Yields

V] =

—x(x—L))T(x—K)T - ;szz {[Z(x—K)’L +(2x—L)][-

(T —)l(x = L)]T=)  [x(x—L)] T

D) GGy e K (L)
(T —O)— D)7 | [x(x— L)
T GG ) Gl —Dp T
SPNGE CET i N o 1
n(x(x— 1)) In(x(x— L)) In(x(x— L))
[x(x—L)]”—’—z)] (- Dx(x— L) T
(- D)P In(x(x— L))
T—t—1
T e DT e LT ) [x(x—L)]””}
In(x(x—L)) [In(x(x—L))]? In(x(x—L))
Pl K) = 1)) T
In(x(x—L))

Since the results for v's becomes too long, we will use these two obtained values.

Substituting the values of vy, v, v, and v3 into equation (4.11) we have:

V=vo+4gv] +q2vz+q3V3+....
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Therefore

v=x(x—L))T DV x—K)" +q| - x(x—L)" N (x—K)* - %szz l[Z(x— K)t+

(T =0l=D) 7D =) 7Y

(2x— L) J+ (= K)*(2x-L)

nG(—L) | [n((—L)P
(T —1)[x(x— L)](T—t—2) [x(x_L)](T—t—l) L 1
[[_ In(x(x—L)) T G —D))]2 [T =r=1) ln(x(x—L))[

(T—)xx—L)] " I L) ==0 [X(X—L)](T_t_z)}
) [In(x(x— L)) [In(x(x—L))?
n (2x—L)x(x—0))"D  (2x—L)(T - )[X(X—L)](T_t_l)l_
[In(x(x—L))]? In(x(x—L))

x(x — IWT=1) — Ol — NI =1=1)
xk(p —lnx) |:(X—K)+(ZX—L)[_ [lfl(x()f)—] L)) - (T tl)IE()(C(x _Lz]))

[x(x—L)](Ttl)]:| p(x—K)*[x(x—L)](T*’)
[In(x(x—L))]? In(x(x—L))

_|_

+ ...

But

u=limv=vy+vi+vy+vs3.
g—1

Thus from above, we have:

x(x (T—t-1)
=u(t,X(t)) =u(t,x) = —%szz {[Z(X—K)Jr + (2x—L)][[ (- L))

G-
L N st
(—p)—v 1 (T- )[(x L)) T--2)
G- ) ThGeoo)T G- L))
N S ) I
[In(x(x —L))J?

+

_|_

In(x(x—L))]> = [In(x(x—L))]?

X — —x(x—L)]T-1=1
2 L)(];n()ct()i _( L))L)] } — xk(p —Inx) [(x —K)T(2x—L)[-
(T —t)[x(x—L)](Tfrfl) [x(x—L)](T*f*I)] B [x(x—L)](T’)} .
In(x(x— L)) In(e(x—L)P ' In(x(x—L))

P — K) *x — L)]7
In(x(x—L))
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Therefore the price of the up—and—out European call is:

e )7,
in(e(x— L))

u(t,x) = — %szz 20 —K)" 4+ (2x—L)]]

(Tl o (T )T
G-z K@D I n(x(x—L)
rx—0)) Y 1 (T —1)[x(x— L)) T2
[In(x(x—L))]? ](T_t_l)_ln(x(x—L))[_ In(x(x—L)) +
(x = L)) 7=, [x<x—L>]<T’2>] (2x—LDx(x—L) T
[In(x(x —L))]? [In(x(x —L))]? [In(x(x—L))]?
X — —)x(x— (T—t-1)
2 L)(Tm(xt())£ _( L))L)] ] —xk(p —Inx) [(x —K)"(2x—L)[~
(T —0)x(x—L)] TV h&—LWP+*)_k&—LH”4q
In(x(x—L)) [In(x(x—L))]? In(x(x—L))
plr—K) T x(x—1)]"
In(x(x—L)) (4.17)

where x = X(¢) is the market/asset price which is a solution of the mean reverting

geometric Brownian motion dX () = k(p —InX (t)) X (t)dt +oX (t)dB(t).

The formula for the price of the up—and—out European call is derived under the as-
sumption that the initial price of the up—and—out European call exist and it obeys the

boundary conditions (4.2),(4.3) and (4.4) above.

We note that u(¢,0) = 0 because Itd integral starting at zero stays at zero and hence the
call expires out of the money, this is the boundary condition (4.2) which can also be
shown upon taking a limit of u(z,x) as x approaches 0, although to achieve this, one

needs to remember that:

Inx

limxInx = lim —
x—0 x—0 1
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by L’Hopital’s rule we have:

1 2
limxInx = lim xl = lim—x =lim—x=0

x—0 x—0 —= x—0 X x—0
X

also he/she needs to remember that, by L’Hopital’s rule we have:

X o1 )
lim — = hmT = limx =0.
x—0Inx x—0 X x—0

For 0 <7 < T and x > L, we have u(t,x) = 0 because the option knocks out when the

asset price exceeds the barrier L. Indeed, if the asset price reaches the barrier before

expiration, then it will immediately exceed the barrier almost surely, and so u(¢,L) =0

for 0 <t < T, however u(T,L) = L — K , this is the boundary condition (4.3) which

can also be shown upon taking a limit of u(¢,x) as x approaches L, in this case a reader

also needs to apply L’Hopital’s rule as explained above.

Finally, if the option does not knock out prior to expiration, then its payoff is that of a

European call , that is , u(7T,x) = (x— K)™. This is the boundary condition (4.4) which

can also be shown upon substituting = 7" in equation (4.17).

Therefore, in summary, u(z,x) satisfies the boundary conditions (4.2), (4.3) and (4.4)

in the boundary value problem as explained above.
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4.3 Analysis of the parameters on the price of the barrier option

In this subsection an analysis on the parameters of the price of the barrier option ob-
tained above is carried out to study the behaviour of the price when we vary one pa-
rameter keeping the other parameters constant. The process is performed for three
parameters namely k , ¢ and p as a result. Plots will be drawn for each case and a

conclusion will be extracted from those plots.

Since k , 6 and p are the degree of mean reversion, volatility of the market and interest
rate respectively. In order to analyse the behaviour of the price as a given parameter
value increases, in this study we shall use values ranging from zero to fifteen some of
them were used by other researchers while the remaining values were chosen randomly

to check the behaviour of the price as value of a given parameter increases.

For k we have used 0.5, 1.0, 1.5, 2, 5 and 15. In this case 0.5, 1.0 and 2 were used by

Hui and Lo (2006).

For p we have used 0.01, 0.05, 0.20, 2, 3 and 4. In this case 0.01 and 0.05 were used

by Wong and Lau (2007). Also 0.20 was used by Wang, Fu and Marcus (2009).

For ¢ we have used 0.20, 0.25, 0.50, 2, 5 and 15. In this case 0.20, 0.25 and 0.50 were

used by Fusari, Adesi and Theal (2010).
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4.3.1 The price of the barrier option for different values of k£ with constant values
of pand ¢
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Figure 4.1: Price of the up—and—out European call for different values of k
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Figures 4.1 and 4.2 above show that when k increases keeping other parameters con-
stant the price also increases, as k increases rapidly the price also increase rapidly this
implies that as a degree of mean reversion increases rapidly the price also increase
rapidly. In other words it implies that a strong reversion leads to higher price and vice
versa. Also the figure suggests that owner should sell the option very early within the

first seven months due to the fact that the price tends to decrease as time increases.
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4.3.2 The price of the barrier option for different values of p with constant val-
ues of ¢ and k
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Figure 4.3: Price of the up—and—out European call for different values of p
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Figures 4.3 and 4.4 above show that when p increases keeping other parameters con-
stant the price decreases this implies that as interest rate increases the price decreases.
In other words it implies that a higher interest rate leads to a lower price and also it can
be observed that an interest rate, p should not be too large since it will lead to negative
price which is meaningless. In addition when the interest rate is between 1 and 3 then

the owner of the option should sell the option very early within the first two months.
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4.3.3 The price of the barrier option for different values of ¢ with constant val-
ues of k and p
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Figures 4.5 and 4.6 above show that when G increases keeping other parameters con-
stant the price also increases this implies that as volatility of the market increases the
price also increase. When volatility of the market become too large the price increases
rapidly going to infinity, thus the figure suggests that owner should exercise the option

within the first nine months or when the volatility of the market become large.
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CHAPTER FIVE

SUMMARY, CONCLUSION AND RECOMMENDATIONS

5.1 Summary

This dissertation is about studying the problem of pricing of barrier options when the
dynamics of the prices are driven by the mean reverting process. Chapter one starts by
giving a general introduction and defining terms related to barrier options and option at
large. Statement of the problem is then stated followed by research objectives, signif-
icance of the study, research hypotheses and lastly methodology of the study. Chapter
two contains relevant literature and theoretical background about. The first specific
objective of this study is achieved in chapter three where we formulate Black—Scholes
partial differential equations (PDE) model after obtaining a market price X () from a

given mean reverting stochastic differential equation (SDE).

Chapter four starts by formulating a full boundary value problem by adding to the
Black—Scholes PDE model (obtained in chapter three) the boundary conditions for
the chosen barrier option, there after we introduced the basic ideas and brief history of
the Homotopy Analysis Method (HAM) then the second specific objective is achieved
through finding a solution of the formed boundary value problem which is the price of
a chosen barrier option by using HAM and there after an analysis was conducted on
the price obtained to study the effect of varying each parameter while other parameters
remain constant, here the third specific objective is achieved . Finally chapter five gives

the summary, conclusion and recommendations for the future works.
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5.2 Conclusion

Main problem in this dissertation was to determine prices of barrier options when
the dynamics of the prices are driven by the mean reverting process, model analysis
from the study indicate that the Homotopy Analysis Method (HAM) can be used to
determine the approximated prices of barrier options when the dynamics of the prices

are driven by the mean reverting process.

Analysis of the result through variation of the parameter in the price obtained shows
that the price tends to increase with the increase of the parameter for the case of volatil-
ity and degree of mean reversion while for interest rate the price decreases when in-
terest rate increases. It was observed that early exercise is better than late exercise to
owner of the option since the price tends to decrease as time increases also to mini-
mize risk the owner of the option should exercise the option when the volatility of the

market become large.

5.3 Recommendations

Developing a technique for pricing barrier options when the dynamics of the prices are
driven by the mean reverting process is among the researchable and interesting areas
in financial mathematics, and it has become increasingly important in the financial
markets due to the fact that barrier options are cheap and mean reversion is widely
associated with commodities of all sorts such as copper, oil, money. Practically, the
results of this study can be used in financial markets to price up—and—out European

call option. In future, recommended areas of research which relate to this study are:
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(i) Finding the price by using direct integration after obtaining a reflection principle

which is useful in determining the joint distribution of the It6 integral.

(i) Finding the price which is a closed form solution by using Laplace transform.
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APPENDIX

MATLAB CODES USED IN ANALYSIS OF THE PARAMETERS OF THE PRICE

OF THE BARRIER OPTION

Matlab Codes for plots which shows the price of the up—and—out European call for

different values of k

clear

close all

x=15;

K=10;

L=20;

T=1.4;

k=0.5;

sigma=0.5;

rho=0.1;

£t=0:0.2:1.4;

u=(((-sigma”2)*(x"2))/2) .*[[(2.* (x-K) )+ (2.*x-L) ] .* [~ ((T-t) .

*[x.*(x-L) 1.7 (T-t-1)) / (log (x.*(x-L)) )+ (([x.*(x-L) ] .7 (T-t-1))/

(log ((x.*(x-L))"2))) I+ [(x-K) .*(2.*x-L) "2] . * [ [ (- ((T-t).

*[x.*(x-L) 1.7 (T-t-2)) / (log(x.*(x-L))) )+ (([x*(x-L)]." (T-t-1))/
(log ((x.*(x-L))"2)))].*(T-t-1)-((1)/ (log(x.*(x-L)))) .
LO(Ix. *(X L)]."(T-t-1))/(log ((x.*(x-L))"2))) - (((T-t).
*[x.*(x-L) 1.7 (T-t-2)) / (log(x.*(x-L)))) I-(([x.*(x-L)].
“(T-t-2))/(log ((x.*(x-L))"3))) 1+ (((2.*%x-L) .*[x.*(x-L)].
“(T-t-1))/(log ((x.*(x-L))"2))) - (((2.*x-L) .*(T-t) . *[x.* (x-L) ]
“(T-t-1))/(log(x.*(x-L))))]-x.*k.* (rho-log(x)) .*[ (x-K) .

*(2.%x-L) x [ (((T-t) . ¥ [x.*(x-L) ] .7 (T-t-1)) / (log (x.* (x-L))))
(([x.*(x~L)]." (T-t-1))/((log(x.*(x-L)))"2)) - (([x.*(x-L)].

“(T- t))/(lOg(X-*(x L)))) 1+ (((rho.* (x-K)).*[x.*(x-L)]." (T-t))/
(log(x.*(x-L))));

plot (t,u, 'm*-",’LineWidth’,2)

grid on;

xlabel (' Time (years)’)

ylabel ('Price of the up-and-out European call (u)’)

hold on

k=1;

u=(((-sigma”2)* )/2) KLL(2.% (x-K))+(2.%x-L)].*[-((T-t).
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1.57)

1.0,k

=0.5","k
0.5;

rho=0.1;

15;
K=10;
L=20;
(((-sigma”2)*(x"2))/2) .*[[(2.%(x-K))+(2.%x-L)].*[- ((T-t).

plot (t,u,"b*--",’LineWidth’, 2)

(Log(x.*(x-L))));
legend('k

hold off

clear

close all

T=1.4;

k=2;

sigma
t=0:0.2:1.4;

X
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“(T-t-2))/ (log ((x.*(x-L))"3))) 1+ (((2.*%x-L) .*[x.*(x-L)].
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"(T-t-1))/(log(x.*(x-L))))]-x.*k.*(rho-log(x)) .* [ (x-K).

*(2 *xL) = (((T-t) . *[x.*(x-L)]." (T-t-1)) / (log(x.*(x-L))) )+
(([x.*(x-L)]."(T-t-1))/ ((log(x.*(x-L))) "2)) - (([x.*(x-L)].
“(T- t))/(log(X*(x L)))) ]+ (((rho.* (x-K)) .*[x.* (X~ )].A(T—t)>/

(log(x.*(x-L))));

plot (t,u, b*--',’LineWidth’, 2)
legend (' k=2","k=5","k=15")
hold off

Matlab Codes for plots which shows the price of the up—and—out European call for

different values of p

clear
close all
x=15;
K=10;
L=20;
T=1.4;
k=0.1;
sigma=0.5;
rho=0.01;
£t=0:0.2:1.4;
u=(((-sigma”2)* (x
*x . (x=L)]. (T-t-
(log ((x.*
X.
(
[

(x-L “(T-t-1))/
(
* (x- L)] A(T-t-
(X
X.
(x-

2.%%- L)] *[-((T-t).
[
] )
*
(log
* LA *(
X*
T-t-
T-t-
t- rho-log
*x T-t-1))
(X L)))"2)
rho.*(x K)).*

*[
" (
" 2.%x-L) .
Bt (
( (
( ( 1-

T-
2.
[x
(T- t))/(log(x.
( *
(

'_|v\._.

* (

( T-t-
~ *
(log (x.* (x-1))));

plot (t,u, 'm*-",’LineWidth’,2)

grid on;

xlabel (' Time (years)’)

ylabel ('Price of the up-and-out European call (u)’)

hold on

rho=0.05;

u=(((-sigma”2)* )/2) KLL(2.%(x-K))+(2.%x-L)].*[-((T-t).
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0.05","rho

0.01","rho

0.5;

15;
K=10;
L=20;
(((-sigma”2)*(x"2))/2) .*[[(2.%(x-K))+(2.%x-L)].*[- ((T-t).

plot (t,u,"b*--",’LineWidth’, 2)

(log(x.*(x-L))));

legend (' rho
hold off
clear

close all
T=1.4;
k=0.1;

sigma

rho=2;
t=0:0.2:1.4;

X
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"(T-t-1)) /(log ((x.*(x-L)) "2))) - (((2.*x-L) .*(T-t) . *[x.* (x-L) ].

“(T-t-2))/ (log ((x.*(x-L))"3))) 1+ (((2.*%x-L) .*[x.*(x-L)].
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"(T-t-1))/(log(x.*(x-L))))]-x.*k.*(rho-log(x)) .* [ (x-K).

*(2 *xL) = (((T-t) . *[x.*(x-L)]." (T-t-1)) / (log(x.*(x-L))) )+
(([x.*(x-L)]."(T-t-1))/ ((log(x.*(x-L))) "2)) - (([x.*(x-L)].
“(T- t))/(log(X*(x L)))) ]+ (((rho.* (x-K)) .*[x.* (X~ )].A(T—t)>/

(log(x.*(x-L))));

plot (t,u, b*--',’LineWidth’, 2)
legend (' rho=2",’rho=3",’rho=4")
hold off

Matlab Codes for plots which shows the price of the up—and—out European call for

different values of ©

clear

close all

x=15;

K=10;

L=20;

T=1.4;

k=0.5;

sigma=0.02;

rho=0.1;

£t=0:0.2:1.4;

u=(((-sigma”2)* (x

*[x. -L)]. (T-t-
X.

2
* L 1 “(T-t-1))/
(Log ((x.* (x-L))"2))
L 2
( )
[

2.% %~ L)] *[=((T-t).
[

] )
* )] A(T-t-
(log

*[L((

(x
(
*(X
(x
X. *(
X, ¥ (x—
T-t-
T-t-
t- rho-log
*X T-t-1))
(X L)))"2)
rho.*(x K)).~*

*[
" (
" 2.%x-L) .
Bt (
( (
( ( 1-

T-
2.
[x
(T- t))/(log(x.
( *
(

'_|v\._.

* (

( T-t-
~ *
(log (x.* (x-1))));

plot (t,u, 'm*-",’LineWidth’,2)

grid on;

xlabel (' Time (years)’)

ylabel ('Price of the up-and-out European call (u)’)

hold on

sigma=0.25;

u=(((-sigma”2)* )/2) KLL(2.%(x-K))+(2.%x-L)].*[-((T-t).
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0.50")

0.25","sigma

0.20","sigma

2;

rho=0.1;

15;
K=10;
L=20;
(((-sigma”2)*(x"2))/2) .*[[(2.%(x-K))+(2.%x-L)].*[- ((T-t).

plot (t,u,"b*--",’LineWidth’, 2)

legend (' sigma

(log(x.*(x-L))));
hold off

clear

close all

X

T=1.4;
k=0.5;

sigma
t=0:0.2:1.4;
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"(T-t-1)) /(log ((x.*(x-L)) "2))) - (((2.*x-L) .*(T-t) . *[x.* (x-L) ].

“(T-t-2))/ (log ((x.*(x-L))"3))) 1+ (((2.*%x-L) .*[x.*(x-L)].
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"(T-t-1))/(log(x.*(x-L))))]-x.*k.*(rho-log(x)) .* [ (x-K).

*(2 *xL) = (((T-t) . *[x.*(x-L)]." (T-t-1)) / (log(x.*(x-L))) )+
(([x.*(x-L)]."(T-t-1))/ ((log(x.*(x-L))) "2)) - (([x.*(x-L)].
“(T- t))/(log(X*(x L)))) ]+ (((rho.* (x-K)) .*[x.* (X~ )].A(T—t)>/

(log(x.*(x-L))));
plot(t,u,'b*--',’LineWidth’, 2)
legend(’sigma=2",’ sigma=5",’ sigma=15")
hold off



